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'»    By: C. Mack 
O.B. Longdep 

A previous report (OP/17QRK/5/A28) deals with the oauae and 
magnitude of Phasing Brror. 

5tff 

The present report considers the effect of phasing error on the 
control of a G.P, and is ooncerned with the design of the oontrol 
funotion; Cartesian and Polar Control fystems are considered.  It 
is shoo» that under appropriate conditions a simple Cartesian Control 
system can be made stable whilst a simple form of Polar Control 
proves to be unstable and the more complicated form requires to be 
studied on a machine. 
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1.      IMTBCDÜCTIOM 

1.1.     Bffeot of Phasing Brror 

If n phasing error « is introduced, any control accelerations applied 
to the rocket are inclined at an angle • with the required direction. 
Tftsnevor <* is greater than 90° the oontrol system will be unstable 
since instead of trying to restore the G.P. to the radar beam axis it 
«ill direct it away. 
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Ttw affect of phasing error nay be reduoed either by reducing 
the phasing error itself («a la considered in (H?/tfCRK/5/a28) or 
by designing the oontrol function so that it will tolerate a large 
error. 

Pull equations of motion relating to the radar control,servo syoteu 
and aerodynamic system together are not treated here.     If 
diapalceuents are more than sons limiting size, non linearity 
necessarily appears in certain controls making it simpler to 
investigate the behaviour by roans of a simulator (see GP/WOHK/5/Ak7)» 
The following treatment applies only to the linear case and therefore 
represents performance for ana11 displacements only. 

.1.2.     Basic Principles 

Throughout the report, consider the radar beam to be stationary. 
Suppose also that the slant range of the G.P. !• sufficiently great 
for variations of speed parallel to the radar beam axis to bo 
negligible.      Hence all that need be considered ia the bohavieur 
of the G.P. in a plane at right angles to the beam axis moving with 
it up the beau. 

Consider Fig.  1 which represents this plane, the instantaneous 
oross-sootion through the projectile perpendicular to the beam. 
In the Polar Control ayatea, the G.P. ia fitted with ailerons and 
elevators so that it nay bank and climb.      In this case the aim 
is to bank the projectile so' that its wings are normal to its 
displacement from the beam axis, and then cause lb to clirab or dive 
towards the axis.      Suppose ths polar co-ordinates of the projectile 
are (r,0) relative to the bean axis as origin, and some fixed 
initial reference line.      Then the radar system has to provide an 
information 6 to enable the projectile to bank and an information 
r    to give the steepness of the climb.      This system has a drawback 
in that the projectile poesses a certain roll inertia and cannot 
respond to a particular information 6 by banking instantly. 

PiC. 2 rupiüsonte fclie situation fop tho Cartesian Control 
^ystou.      Tho projoctila is rjaintaincd fron rolling ao that   the 

controls cct QS rudders and tlovatoro omblin". it to turn and oliiA. 
If tho cartesian co-ort?in=tos of tho project!!« ere (x,y) rchoro x is 
horlsontol and y vurtical, then tho radar aystea is expoctod to provide 
iflforrjation about x to tho rudders nnfl y to tho elevators. 

The two systena are fundamentally different because of the 
roll inertia of the Polar Systeos.      With cartesian control it 
is possible to move the projectile in any direction instantly - 
provided that the servos act instantly.      However, with polar 
oontrol the projeotile can inmediatuly raove only nornal to the 
Plane of its vango.     Due to roll inertia, an appreciable tine 
will elapse before it is banked in the required direction.    To 
taimic a stable Cartesian systen in the Polar Control system 
would require a complicated control function, and powerful 
servos to overcome the long time lag near the boam axis. 
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2.   ' CART3SIAN COWTROL FUNCTICHS 
2.1.     ggsten ulth Zero Phasing Error. 

Paragraph 1.2. describes tho basic principles of,,this syaton . 
To achieve simplicity, suppose that tho acceleration y is a function 
g(y) v/hiph does not depend on x.      Assume that a similar, function is 
applied Tiorizontally in tho x direction so that tho acceleration x • s(x). 

A simple oontrol is B(X) •   - Ax - ZK 2.1.1. 

where A and 3 aro oonstants, positive for stability. 

The aquations of Motion aru: 

x + Bx + Ax = 0 2.1.2. 

y+,By+Ay = 0 2.1.3- 

x is provldod by tho radar system and i is generated from it. 
A function of those foods tho servo neohanisn and rudders which aro 
assured to act instantly and cause an acceleration s(x). 

Bewrite equation 2.1.2. by substituting T = ß t and denoting 

frr+* 
C Ü2 p2 + ß Dp + A_7 x  - 0 

Since A and 3 are positive, put 3 = v"A and B = \6 

where X is positive. Then j 

(p2 + \p + 1 )x = 0 and (p2 + Xp + 1) y s 0 

The solutions aro x = JL, exp (a^t) + A2 exp (a2t) 

y = R, exp (a^) + B2 oxp (a2t) 

2.1.4. 

2.1.5. 

where A1 Ag Bj B2 are determined by the initial oonditiona and 

a.) ag are the roots of p2 +\p + 1=0. Both x and y decay to zero 
in time, because X is positive and real. 

2.: System with Phasing Error •* 

When a phase error of « exists, the radar system provides an 
angle 0 - »  instead of S.  Instead of y = r sin 9,  it feeds to the 
servo r sin (9 - «) = y cos « - x sin «: and instead of x = r 00s 9, 
it feeds r cos (6 - «) = x 003 « + y Din «.  Soo Piß. 3;the effect 
is the same as if the projectile is banleod at an angle K instead of 
remaining normal to the radius vector. 

Hence equation 2.1.2 becomes 

x + B i oos « + B y sin « + A x cos « + A y sin « a 0  2.2.1. 

CE.312 
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nnd so equations   2.1.4« beocuo:- 

/"p2 + 008 a (Xp + 1J7 x   +    si« <* <£~M> + l7 y = 0 2.2.2. 

/fp2 + cos « (Xp + 1jJ7 y    -    sin <x ftp + \J    x = 0 2.2.3. 

Hanoe ^3» + 2 X oos « p^ + (2 eos et + X2) p2 + 2 Xp + 1_7x = 0 2.2,1». 

The solution to thia is the BUEI of terras R  exp (Jft) v%re E 
is constant and Y ia a root of the equation 

jA + 2X cos a p3 + (2 cos a + X2)p2 + 2 Xp +   1   =0 2.2.5 

If tho real part of g ia positive, this tor» will increase 
indefinitely with tine and so tho motion cannot   be stable.      Hanoe 
all the roots of 2.2.5, mist have negative real  parts. 

Kouth'a stability criteria give the following inequalities. 

2 X    cos « > 0 2.2.6 

2 X (2 cos « + X2 cos <c -1)^0 

1» X2 (X2 cos oc - sin2 «) > 9 

2.2.7- 

2.2.8. 

Since X is positive and    «^90°, 2.2.6 is satisfied and 2.2.8 
includes 2.2.7. 

2.3.      Stability 

For a given X, stable motion is possible provided that 
u £oc1  ..here X2 cos oc1  = sin2«1.      «1   may be called the maximum 
phasin;', error for a £Lven X .      Since X = 3^^ it   is a nsasure of 
the anount of derivative control uaoj in the control function. 

Amount of 
derivative control            X 

i 

.5 

! 

1.0 1.5 2.0 3.0   «» 

Maximum 
phasing error        a1  decrees 20 51.7 67.8 76.3 

t 

63.7 ' 90 
! 

'Then oc = Oj X = 2 ?;ivoa oritical damping since tho root3 of 2.2.5 
are then equal.      If X iu takun aa 2,  the oontrol  ia not sluggish for 
small phasing errors, and remains stable for phasing errors as large 
as 75°.       Thua  it aearia riiialrublo  that 3 = 2V.A 

2.4.      Settling Down Tine 

The roots   jf of equation 2.2.5,  also determine the settling 
down time.      The imaginary part of   g   gives the period of the oscillation, 
->vhile the real part which is negative for stable  flight ahow%the 
time constant of the settling' down. 

OR.312 
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Tho co:jplctc solution at 2.2.4 ia:- 

jX = ^  axp ( 2f.,t) + R2 exp ( ?2t) + Rj exp (15 jt) + Rj, exp ( X^t) 2.3.1. 

The coefficients H ara determined by initial conditions and so 
must ba taken as arbitrary constants.      The settling down tirae is 
determined in general by the   j"-."ith siaallest real part, which 
corresponds to the longest time constant. 

: 

C03  ec • Roots J"  of 3.2.5. 

X = 2                    Unstable for a ^ 51.7° 

1.0 0° -as + i 0.666                -0.5 +   i O.S66 
.9 25.8° -0. 320 + i 1.070                -0.5S0 i 0.671 
.8 36.8» -0.195 + i 1.100               -0.605 i   i 0.587 
.7 45.6° -0.0Ö7 + i 1.238               -0.613 +   i 0.523 
.65. 1.9.5° -0.033 + i 1.260               -:.617 +   i 0.498 
.6101» 51.7° 0 + i 1.270               -0.618 +    i 0.486 

\ = 2                   Unstable for «>76.3° 

1.0 0° -1 + 0                          -1 +          0 
.9 25.6° -1.204 + i 1.034               -0.596 7   i    0.208 
.8 36.8° -1.032 + i 1.560               -0.56H +    i    0.152 
.7 45.6° -0.865 + i 1.575              -0.535 +    i    0.145 
.6 53.1° -0.685 + i 1.74                 -0.515 +    i    0.142 
• 5 60    O -0.5 + i 1.B7                 -0.5 +    i    0,138 
.4 66.4° -0.312 + i 1.98                -0.488 +    i    0.130 
• 3 72.5° -0,122 + i 2.03                 -0.478 i    0.071 
.237 76.3° 0 + i 2.04                 -0.474 +   i    0.060 

I 

Some special cases have been evaluated j.n Figs 4, 5, 6, 7 with 
the initial conditions x = 1,x = 0,y = 0, y = 0 and X = 2 for the 
various values of cos K = 0.6, 0.45, 0.3 and 0.25.      In the graph x 
is plotted against T the generalized time, rcf pore "2.1,    For « 
nn Inr^o ne ?50, tends to soro very rapidly. 

3.       POLAR COKTROL PUriCTIQHü 

3.1•      General Equations 

In Pig. 1 suppose that the acceleration in clinib appliod to th>: 
G.P. is f(r) a function of r only.      It ia intended naturally 
that thi3 should bo applied back along the radius vector to restore 
the projectile to tho mirror axis.      Hovjevor tine projectile is bankod 
so that in fact it moves at an angle f$, in other words at an angle (8 - (if) 

to the radius vector. 

The equations of motion aro:- 

r - r fe2 = -f (r) cos (6 - 0) 

1    |t (r2*) = f (r) sin (0 - ft 

3.1.1. 

3.1.2. 
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In those two equations there are the three variables r, 9 and/). A  third 
equation expresses the form of oontrol applied to the ailerons.  The roll 
inertia oannot be neglected legitimately and appears in the constants of the 
equation, which represents damped oaoillations about an equilibrium position at 
0=9 and 6 » 0.  Otherwise the function is arbitrary, as any form of damping . 
and restoring may be used. 

Ü     = h (ft, fi,0,h 3.1,3. 

It is necessary tu introduce the variable 0 in order that the attitude of 
the projectile may be referred to a fixed direction.  Its presence implies that 
some means of generating it must be provided in the projectile. 

3.2.  Phasing Error 

The effeot of a phasing error is that the radar system feeds an angle 
0 - <*• to the controls instead of 9,       Equation 3.I.3. shows that now the 
equilibrium position its at # -8 -«*, 6  = 0. 

To take an over-simplified case, suppose that the servos are so powerful 
and roll inertia sc small that the system departs from roll equilibrium for 
only a negligible; time.  Suppose also thot no form of damping is used exoept 
relutive to (4 - jSi), 

Then 9 - ff *<*•  does not vary with 9,      In this case f(r) sin (8 - fi)  will 
be mainly of one sign and so equation 3«"'.2. shows thot angular momentum about 
the beam axis will increase indefintely with tine.  This shows that this simple 
form of polar control is unstable. 

Although the above is only s rough indication, it has been proved rigorously 
that the system is unstable.  Furthermore, the guneral improvement which might 
tj« expected when the effect of gravity ana tracking accelerations are considered, 
is not enough to guarantee stability.  Sven when the phasing error is zero, the 
system is not stable, and any time-lafes in the servos do not improve thu control. 

In a general oose th& three equations 3.1.1, 5.1.2, 3.1.3, cannot be solved 
formally.  Probably a fairly simple polar control function oould be made stable, 
but this is difficult to prove mathematically.  If 0 were made dependent on 9, 
the projectile oould be ooused to bank in such a way as would tend to make 4=0. 
This appears to provide a stable system: certainly the angular momentum would 
remain finite. 

k»      CONCLUSIONS 

It is concluded that a simple Cartesian Control System can be made stable, 
and that if the oontrol function has longer .time constants than the aerodynamio 
equations of motion, a sufficiently large measure of derivative control will 
maintain the stability for a phasing error which approaches 90°.  If the 
phasing error is always less than 70°, a moderate amount of derivative control 
suffices and the control is not sluggish. 

A simple form of Polar Control proves to be unstable, and the treatment of 
more complicated forms is found to be too diffioult for a paper analysis. These 
are best studied on a machine as in fact is being done at Walton. 

> 

R.R.D.E. 
Malvern,Woros. 
5 th July ,1946. 
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